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Abstract 

The aim of this note is the study of Einstein condition for para-holomorphic Riemannian 
metrics in the para-complex geometry framework. Firstly, we make some general considera¬ 
tions about para-complex Riemannian manifolds (not necessarily para-holomorphic). Next, 
using an one-to-one correspondence between para-holomorphic Riemannian metrics and para- 
Kahler Norden metrics, we study the Einstein condition for a para-holomorphic Riemannian 
metric and the associated real para-Kahler Norden metric on a para-complex manifold. Fi¬ 
nally, it is shown that every semi-simple para-complex Lie group inherits a natural para- 
Kahlerian Norden Einstein metric. 
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1 Introduction 

A (holomorphic) complex Riemannian manifold is a complex manifold M, together with a (holo- 
morphic) complex tensor field G that is a complex scalar product (i.e., nondegenerate, symmetric, 
C-bilinear form) on each holomorphic tangent space of M. Geometrical aspects of the complex 
Riemannian manifolds with analytic (holomorphic) metrics and their applications to mathematical 
physics have been investigated by many authors, see for instance [i [ini [in na [la [12 [Ml [Ml |33] . 
The holomorphic Riemannian geometry possesses an underlying real geometry consisting of a 
pseudo-Riemannian metric of neutral signature for which the (integrable) almost complex struc¬ 
ture tensor is anti-orthogonal. This leads to the notion of an anti-Kahlerian manifold (also known 
as Kahler-Norden manifold [niiiaiiaisa or R-manifold m) that is a complex manifold with an 
anti-Hermitian metric and a parallel almost complex structure. In [3], it is proved that a metric 
on such a manifold must be the real part of a holomorphic metric. There is studied the Einstein 
condition for anti-Kahlerian metrics and it is shown that the complexification of a given Einstein 
metric leads to a method of generating new solutions of Einstein equations from a given one. Some 
generalized Einstein conditions on holomorphic Riemannian manifolds are studied in ESI- 

Although the almost product Einstein manifolds are studied in [2] , our aim in this note is to for¬ 
mulate some analogue results as in [a [26] concerning the Einstein condition for para-holomorphic 
Riemannian metrics in terms of para-complex geometry. 

The notion of almost para-complex structure (or almost product structure) on a smooth man¬ 
ifold was introduced in m and a survey of further results on para-complex geometry (including 
para-Hermitian and para-Kahler geometry) can be found for instance in [n[[Zj- Also, other further 
signifiant developments are due in some recent surveys [Dll [5], where some aspects concerning the 
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geometry of para-complex manifolds are presented sistematically by analogy with the geometry 
of complex manifolds using some para-holomorphic coordinate systems. See also [nummiii]. 

The paper is organized as follows. In the Section 2, following [Dll HU, we brief recall some 
basic notions used in the para-complex geometry. In Section 3, we define para-complex Riemannian 
metrics on para-complex manifolds, we prove that the real part of such a metric is a para-Norden 
(or almost product Riemannian) metric and following the construction from the complex case m 
EH, we make some general considerations about the Levi-Civita and characteristic connections on 
para-complex Riemannian manifolds. Also, a Schur type theorem concerning the para-holomorphic 
curvature is presented and we write Einsten equations in our setting. In Section 4, starting from an 
one-to-one coorespondence between para-holomorphic Riemannian metrics and real para-Kahler 
Norden metrics on a para-complex manifold, we prove an equivalence between Einstein condition 
with real constant for para-holomorphic Riemannian metrics and for the associated para-Kahler 
metric, giving an analogue result from the case of anti-Kahlerian Einstein manifolds mm- Also, 
the case when the para-holomorphic Riemannian metric is Einstein with a para-complex constant 
is also analysed in the similar manner with the case of Kahler-Norden metrics m- In the last 
Section, as an example of our study, it is shown that every semi-simple para-complex Lie group 
inherits a natural para-Kahlerian Norden Einstein metric. 

We notice that other problems related to generalized Einstein condition as in |5B] can be 
adressed in the context of para-holomorphic Riemannian manifolds. Also, an important example 
of anti-Kahlerian Einstein metric on the tangent bundle of a space form is given in m and a 
similar study can be also analysed in the context of para-complex geometry. 

The main methods used here are similarly and closely related to those used in the study of 
complex Riemannian manifolds ED El EH and anti-Kahlerian manifolds I1I1I2S1I31. 


2 Preliminaries and settings in para-complex geometry 

The algebra of para-complex numbers is defined as the vector space C = K x R with mulplication 
given by 

{xi,yi) ■ {X2,y2) = {xiX2 -k yiy2,xiy2 + yiX2 ), V (a;i,yi), (x2,2/2) e C. 

Setting e = (0,1), then = (1,0) = 1 and we can write C = + eR = {z = x + ey\x,y & R}. 

The conjugation of an element z = x + ey & C \s defined as usual hy'z = x — ey and Re z = x 
and Imz = y are called the real part and imaginary part of the para-complex number z. 

A para-complex structure on a real finite dimensional vector space V is defined as an en¬ 
domorphism I G End(V) which satisfy = Id, I ^ ±Id and the following two eigenspaces 
:= ker(/d±/) corresponding to the eigenvalues ±I of / have the same dimension. Such a pair 
(y,I) it is called a para-complex vector space. Consequently, an almost para-complex structure 
on a smooth manifold M is defined as an endomorphism I G End{TM) with the property that 
(TxM,Ix) is a para-complex vector space, for every x G M. Moreover, an almost para-complex 
structure / on M is said to be integrable if the distributions T^M = ker(Jd =F I) are both in- 
tegrable, and in this case I is called a para-complex structure on M. A manifold M endowed 
with a para-complex struture is called a para-complex manifold. The para-complex dimension of 
a para-complex manifold M is the integer n = dime M := (dimR M)/2. 

Given two almost para-complex manifolds (M, Im) and {N, In), & smooth map / : (M, Im) —t 
(N, In) is called para-holomorphic (respectively: anti-para-holomorphic) if 

df o Im = In o df (respectively : df o Im = —In o df). (2.1) 
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Moreover, an (anti-)para-holomorphic map / : {M,Im) ^ C is called (anti)-para-holomorphic 
function. 

As usual, the Nijenhuis tensor Nj associated to an almost para-complex structure I is defined 

by 

Ni{X, Y) := [IX, lY] - I[IX, Y] - I[X, lY] + [X, Y], (2.2) 

for every X,Y € r(TM), and according to [1] we have that I is integrable iff Nj = 0. The Frobe- 
nius theorem implies, see [5], the existence of local coordinates (z“ , ), a = 1,..., n = dime M 

on para-complex manifold such that T^M = span{d/dzf}, T~M = span{d/dzt}, 

a G {1,..., n}. Such (real) coordinates are called adapted coordinates for the para-complex struc¬ 
ture /. 

As in the complex case, on every para-complex manifold {M,Im) we can define an atlas of 
para-holomorphic local charts (Ua, 'pa), such that the transition functions ppoip~^ : Pa{UaI^Up) C 
C" ^ pp{Ua n U/j) C C” are para-holomorphic functions in the sense of (j2.1ll . Moreover, with 
every (real) adapted coordinate system {z‘f,z‘f), a S {1,..., n} on [/„ we can associate a para- 
holomorphic system (z®), a = 1,..., n by setting 

z°- = ^ ~ -h e + ^ ~ := -F ey“ , a € {1,..., n}. (2.3) 

According to [3], are para-holomorphic functions in the sense of (ED and the transition func¬ 
tions between two para-holomorphic coordinate systems are also para-holomorphic. Equivalently, 
if (i^^), 6 = 1,... n is a para-holomorphic coordinate system on Up, with z’^ = x!^ + ey^, then the 
following para-Cauchy-Riemann equations hold (see for instance |17jl: 


dx^ _ dy^ dx’’ dy^ 
dx°' dy°‘ ’ dy°‘ dx°- 


In this case, on each Ua, I given by 

d 


n 


dx^ 


) = A /(A) 


d 

dx°- 


(2.4) 


(2.5) 


Now, we consider the para-complexification of the tangent bundle TM as the R-tensor product 
TqM = TM (EirC and its decomposition TqM = T^’^M ©T°’^M produced by C-linear extension 
of / to TqM, where 


Tl'^M = {Z = T^^cM I IZ = eZ} = {X + eIX\X G T,,M}, 

T°’^M = {Z = T^^cM I IZ = -eZ} = {X - elX \ X G T,,M}, 

are the eigenspaces of I with eigenvalues ±e. Also, if I is integrable, that is [M, I) is a para- 
complex manifold, the para-complex vectors 



{ d 

d \ 

— 1 — 1 


f d 

-e^] 

2 ' 

\dx°- 

dy-J 

' dz^ 2 ’ 

\dx'^ 

dy<^ ) 


form a basis of the spaces Tl’^M and 

Remark 2.1. ([4]) A C-valued function / : M —>■ C on a para-complex manifold {M,I) is 
para-holomorphic iff it satisfies 

^ = 0, Va G {l,...,n}, (2.6) 

where (z“) are local para-holomorphic coordinates on {M,I) and 
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3 Para-complex Riemannian manifolds 

Let M be a para-complex manifold of para-complex dimension n and denote by (M, I) the manifold 
considered as a real 2n-dimensional manifold with the induced almost para-complex structure I. 

Definition 3.1. A para-complex Riemannian metric on M is a covariant symmetric 2-tensor field 
G : T{TcM) X T{TcM) —)• C, which is non-degenerate at each point of M and satisfies 

G(ZuZ 2 ) = GiZuZ 2 ) for every Zi,Z 2 S T{TcM), (3.1) 

G(Zi, Z 2 ) = 0 for every Zi € r{T^’°M) and Z 2 G (3.2) 

It is easy to see that the relation (EH) is equivalent to 

G(/Zi, /Z 2 ) = G(Zi, Z 2 ) for every Zi,Z 2 G T{TcM), (3.3) 

where we have denoted again by I the G-linear extension of I to TqM. Thus a para-complex 
Riemannian metric on M is completely determined by its values on r(T'^’'^M). 

Definition 3.2. The pair {M, G) consisting by a para-complex manifold M and a para-complex 
Riemannian metric G on M, will be called a para-complex Riemannian manifold. 

If (z“), a = l,...n is a para-holomorphic coordinate system on M, such that T{TcM) = 
span{d/dz°',d/dz°'}, we put 

Gas = G^^^,^^^ , A,B G (3.4) 

Then, for a para-complex Riemannian metric G, the defining conditions (EU and EH can be 
expressed locally as 

G345 = Gab , G^j = Gab = 0. (3-5) 

Definition 3.3. A para-complex Riemannian metric G on a para-complex manifold M is called 
para-holomorphic Riemannian metric if the local components Gat are para-holomorphic functions, 

i.e. 

= 0 , for every c G {I..., n}. (3.6) 

In this case, the pair {M, G) is called a para-holomorphic Riemannian manifold. 

As in the case of complex Riemannian manifolds (see m) for a given para-complex metric G 
on M, we define the tensor field G on M by setting 

G(Zi, Z 2 ) = (G o I)iZi,Z 2 ) := G{IZi,Z 2 ) for every ^ 1,^2 G r(rcM). (3.7) 

This metric is said to be associated with G (also called twin metric), and locally, it satisfies 

Gab = eGab and G-^ = -eG-^. (3.8) 

Also, we notice that given a para-complex Riemannian manifold {M,G), the para-complex Rie¬ 
mannian metric G induces a real Riemannian metric g on the real manifold {M,I) by setting 

giX,Y) = 2ReG{X,Y), X,Y G r{TM), (3.9) 
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where X = {1/2){X + elX), Y = {\/2){Y + elY) € r(T^’°M), which satisfies 

g{IX,IY) = g{X,Y) or, equivalently, g{IX,Y) = g{X,IY) for every X,Y G T(TM). (3.10) 


Such a real metric is also known as an almost product Riemannain metric or para-Norden metric, 
and the para-Norden manifold (M, I, g) will be called the realization of (M, G). The para-Norden 
manifolds are studied for instance in [301 131] • 

Conversely, every para-Norden metric on the real manifold (M, I) induces a para-complex 
Riemannian metric on the para-complex manifold M by setting 

G(X, ?) = i (g(X, y) + eg{X, lY)) , X, F € V{TM) (3.11) 


and X = (1/2)(X -|- eIX),Y = (l/2)(y -|- elY) € r(T^’°M) as above, and next we extend G to 
have the conditions and (13.21) . which is possible because of (13.101) . 

Given any linear connection D on & para-complex manifold with respect to a para- 

holomorphic coordinate system, we put 

D ^ -tC d 

We notice that the covariant differentiation, which is defined for real vector fields in T{TM), 
can be extended by para-complex linearity on para-complex vector fields from T{TcM). Then 
where a = ^. 

Definition 3.4. A (real) linear connection D on {XI, I) is called almost para-complex if DI = 0. 

Definition 3.5. A para-Norden manifold {M,I,g) is called para-Kdhler Norden manifold if the 
Levi-Civita connection V of g is almost para-complex. 

Similary to the complex case HSJ US] 133] (see also, mm), we have the following one-to-one 
corresponce between the para-Kahler Norden metrics and para-holomorphic Riemannian metrics 
on a para-complex manifold (M,/). 

Proposition 3.1. Let{M,I) be a para-complex manifold. If G is a para-holomorphic Riemannian 
metric {M,I) then g defined in (13.9|) is a para-Kdhler Norden metric on {M,I), and conversely 
if g is a para-Kdhler metric on the (real) manifold {M,I) then G defined in (13.111) is a para- 
holomorphic Riemannian metric on {M,I). 

By direct calculus, we easy obtain 

Proposition 3.2. A linear connection D on M is almost para-complex iff = LN. = 0 

Now, let us denote by V and V the Levi-Civita connections of G and G, respectively. Then, 
as usual, the Christoffel symbols of G are given by 


.C ( ^Gbd SGad dGAB\ 

^^~2 


(3.12) 


AB\ 


where (G 

FSb ofG. 


denotes the inverse matrix of {GAB)nxn, 


and similarly for the Christoffel symbols 
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Taking into account (13.51) and 
symbols of G and G, respectively 


T^C pc 

^ ab ^ ab 


, we have the following relations which relates the Christoffel 
1 Qcd f 9Gbd dGad dGab \ 


V dz°’ 


dz^ 


dz'^ ) 


ab 


_ _pc _ ^ pyc d ^^ab j^c _ pc _ ^ ptcd ^^bd 

iab- 2 '^ Q^d ^ ^b-^ab- 2 "^ Q^a ■ 


(3.13) 


(3.14) 


By analogy with the complex case m, we define the fundamental tensor $ on a para-complex 
Riemannian manifold by setting 


$(^ 1 ,^ 2 ) = '^ZiZ 2 - '^ZiZ 2 , for every Zi, Z 2 £ r(TcM). 
By this definition, we deduce 


<i)(Zi, Z 2 ) = 4)(Zi, Z 2 ), for every Zi,Z 2 € r(TcM). 


(3.15) 


(3.16) 


Using (I3.15L (j3.13ll . (13.1411 and (13.1611 the nonvanishing components of the fundamental tensor $ 
are given by 

- ^ Qcdd^ ^ 




(3.17) 


ab '^ab '^ab' 

Also, from (13.151) and (13.171) we have 

Proposition 3.3. The fundamental tensor of a para-complex Riemannian manifold (M, G) satisfy 

$(Zi,Z2) = $(Z2,Zi),$(/Zi,Z2) = -/$(Zi,Z2), ^Zi,Z2£T{TcM). (3.18) 

Remark 3.1. If {M,I,g) is the realization of a para-complex Riemannian manifold {M,G) we 
can define as in (|3.15|) the fundamental tensor for real vector fields, and the property (13.1611 of $ 
implies that $ is the para-complex extension of the real fundamental tensor on (M, /, g). 

In the following, we extend the study from m to the para-complex case, and we shall construct 
a characteristic linear connection on a para-complex Riemannian manifold. 

We consider the fundamental tensor of type (0, 3) defined by 


^(Zi, Z2, Z3) = G($(Zi, Z2), Z3), for every Zi, Z2, Z3 G r(TcM). 


(3.19) 


In a para-holomorphic coordinate system on M, we have locally 

'it AB,C = ^AB^DC, ( 3 . 20 ) 

and the nonvanishing componets of ab,c are 

apt 

^ad 'h-j ^ ( 3 - 21 ) 

We have 

Theorem 3.1. On every para-complex Riemannian manifold (M,G) there exists a unique linear 
connection D with local coefficients such that 

(i) D is symmetric, that is 
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(ii) D is almost para-complex, that is = 0; 

(Hi) The covariant derivatives DaGbc = dGbc/dz^^ — L^^^Gdc — L'(^c^bd vanishes. 

Proof. If we define the local coefficients of D by 

= Tab + 2^ab “ -^G^^{'Sda,b + ^'bb.a), (3.22) 

where are the para-complex Christoffel symbols of G, then by direct calculus we obtain that 
D satisfies the conditions of theorem. 

Also, if D' is another connection which satisfy the all conditions of theorem, with local coeffi¬ 
cients L'^g, we denote by I?ab = ^ab ~ ^ab the difference tensor. Then, we easily obtain 

^AB = ^BA , Dl, = Dl-^ = 0, DtbGdc + DtGab = 0, (3.23) 

which implies T^ab = t), that is D = D', and the uniqueness then follows. □ 

The linear connection from the above theorem, will be called the characteristic connection of 
the para-complex Riemannian manifold {M,G). 

The defining equality (13.221) of the characteristic connection and the properties of the funda¬ 
mental tensor, implies 

Corollary 3.1. On every para-complex Riemannian manifold {M,G) there exists a unique linear 
connection D such that 

(i) D is symmetric; 

(ii) D is almost para-complex; 

(Hi) DaGbc = ^bc,a, i-e the covariant derivative of the metric G is the fundamental tensor 4'. 

Remark 3.2. The third condition of Theorem 13.1 1 savs that the nonvanishing components of the 
tensor DaGbc are 

DaGbc = and DaG-^- = DaGbc- (3.24) 

On the realization of a para-complex Riemannian manifold we have 

Corollary 3.2. If {M, J, g) is the realization of a para-complex Riemannian manifold (M, G), then 
the characteristic connection D on {M, I, g) is the unique connection which satisfy the conditions 

(i) D is symmetric; 

(H) D is almost para-complex; 

(ill) {Dxg){Y, Z) = {Dixg){IY, Z), for every X,Y,Z& T{TM). 

The defining equality (I3.22|) and (j3.21ll imply that the nonvanishing coefficients of the carac- 
teristic connection D are 

= = (3.25) 

that is, D is completely determined on TiT^’^M). 
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We notice that a vector field Z = Z°‘{d/dz°') on a para-complex manifold is para-holomorphic 
if are para-holomorphic functions. Also, according to Lemma 2.1.6 m, a vector field X = 
(1/2)(A -I- elX) is para-holomorphic iff 

{Cxi)Y = [X,lY] - i[x, y] = 0 , vy G r(rM). (3.26) 

In that follows we denote the set of para-holomorphic vector fields on {M,I) by rp/j(r^’°M). 

Definition 3.6. A linear connection D on M is called para-holomorphic if Dz^Z^ G 
for arbitrary para-holomorphic vector fields Zx^Z^. 

We have 


Proposition 3.4. The caracteristic connection D of a para-complex Riemannian manifold (M, G) 
is para-holomorphie iff the para-complex Christoff el symbols are para-holomorphie fune- 

tions. 

As a direct consequence of (13.211) . (13.131) . (I3.14L Corollary 13.II and (13.221) . we get 

Theorem 3.2. For every para-complex Riemannian manifold {M,G), the following assertions 
are equivalent: 

(i) The fundamental tensor $ (or is zero; 

(ii) The loeal eomponents Gab of the metric G are para-holomorphic functions; 

(Hi) The Levi-Civita connection V of G is almost para-complex, that is V/ = 0; 

(iv) The characteristic connection D is metrical with respect to G, that is DG = 0; 

(v) The Levi-Civita connection V coincides with the characteristic connection D. 

Let R be the characteristic curvature tensor of the characteristic connection D, defined as 
usual by 

R{X, Y)Z = [Dx,Dy] Z - D{x,y]Z, for every X,Y,Z € T{TcM). 

The local components of R are given by 


R 




d 


d 


\dz^' dz^ ) dz(^ 

and the nonvanishing components of R are 

dLif, dLi 


= R. 


D 


d 


CXBQzD^ 


rya _ 

■^c,ab 


dz° 


jyd _ 

c,ab- Q^a 


+ Zaf,Ll;„ — lI^L) 

OLt 


Q^b ' ^cb^fa ^ca^fb^^-c^ab 


T)d _ Tid 

— ^c,ab^ 


be ryd _ _ ryd 

~ ’ c,ab e.ab' 


c,ab * 


(3.27) 


(3.28) 


(3.29) 


It is easy to see that R^at = 0 if only if D is a para-holomorphic connection. Also, 
the characteristic Riemann curvature tensor of D is defined as usual by 'R,{Zi, Z 2 , Z^, Z/f) = 
G{R{Zi, Z 2 )Z^, Zf) and its local components are Rabcd = GdfRc ab- ff® nonvanishing com¬ 
ponents are 


Rabcd — ^df Rc^ah Rabcd — ^c,ab^ 


(3.30) 


















and their para-complex conjugates. 

Moreover, every nondegenerate 2-plane in is called a para-holomorphic 2-plane, and the 

para-holomorphic characteristic sectional curvature for a given 2-plan P = spanlZi, Z 2 }, where 
Zi,Z 2 € r(T^’°M), z € M is defined by 


K,{P) = 


TZ{Zi, Z2,Zi, Z 2 ) 

G(Zi, Zi)G(Z2, Z 2 ) - (G(Zi, Z2))2 • 


(3.31) 


The following Schur type theorem holds. 

Theorem 3.3. Let {M, G) be a connected para-holomorphic Riemannian manifold of para-complex 
dimension n > 3. If the para-holomorphie sectional curvatures does not depend on the 2-plane P, 
then {M, G) is of constant para-holomorphic sectional curvature. 

In the end of this section we describe the Einstein equations for para-complex Riemannian 
manifolds. The associated characteristic Ricci tensor Ric is locally given by 

^ ^ Pc,AB^ (3.32) 

and its nonvanishing components are 

HiCca — Pc^ab 5 R'foca — Pc.ab ’ I^foca — RiCca ; RiCca — RiCca- (3.33) 


The function p defined by 


P = G^^RiccA = G“RiCea + G"“RiCea (3.34) 

is called the scalar curvature of D and it is a real function. 

The equation 

Ric -^G = SttcT (3.35) 

is called the Einstein equation of the para-complex Riemannian manifold (M, G). In the equation 
(I3.35|l . the left hand side is called the Einstein curvature which is constructed using the para- 
complex Riemannian metric G, while in the right hand side we have a tensor T called the stress- 
energy-momentum tensor and represents the matter and energy that generate the gravitational 
field of potentials {Gab)- The constant c is the gravitational constant. Locally, the Einstein 
equation is expressed as 

RiCy4B — ^Gab = SttcTab- (3.36) 

If the Einstein equation holds, then taking into account dm) it follows that Ric^j; = SttcT^j;. 
In the empty leave space (no matter, no energy) we have Tab = 0, and contracting (|3.36|) with 
G^^ one gets p = 0 and so it reduced to 


Ric^B = 0. 


(3.37) 


Consequently, RiCab = RiCab = 0- 

Letting Eab = Ric^s — {pI‘2-)Gab and Eg = G^^Ecb, the divergence of E is defined by 


divE = 


(3.38) 
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where ”|” denotes the covariant derivative with respect to V and we have div E = 0. The proof 
is based on the second Bianchi identity ^ (Vx^)(T, Z) = 0 written in a local basis {^d/dz^^ of 

cycl 

T(TcM). Assuming the Einstein equation holds, by using div A = 0, we must have 

divT = 0, (3.39) 

which is called the continuity condition for para-complex Riemannian manifold {M,G). 

Finally, by analogy with the complex case, see |16) . the following result concerning the Einstein 
condition for para-complex Riemannian manifolds holds. 

Definition 3.7. The para-complex Riemannian manifold (M, G) is said to be characteristic Ein¬ 
stein if RiCca = 0 and RiCca = fGca, where / = /i -b e /2 is a para-complex valued function on 

M. 

Theorem 3.4. Let {M, G) be a m-dimensional para-complex Riemannian characteristic Einstein 
manifold with m > 3. Then the characteristic scalar curvature po = G““RiCca is an anti-para- 
holomorphic function on M and RiCca = {po/nn)Gca- 

4 Para-holomorphic Riemannain Einstein manifolds 

We recall that a (real) metric g on the (real) manifold M is said to be an Einstein metric if 

Ric(g) = Ag, (4.1) 

where A is a real constant and Ric( 5 ) denotes the Ricci tensor of the metric g. 

In this section, we prove that by taking the real part of a para-holomorphic Einstein metric on 
a para-complex manifold {M, I) of para-complex dimension n one gets a real Einstein manifold 
of real dimension 2n obtaining a result similar to Theorem 5.1 from [3] from the anti-Kahlerian 
manifolds case. 

Let (M, G) be a para-holomorphic Riemannian manifold. Then, as we already noticed in the 
previous section the relations (13.91) and (13.111) establishes an one-to-one correspondence between 
the para-Kahler Norden metrics on the (real) manifold (M, I) and the para-holomorphic metrics 
on the para-complex manifold M. 

Although we can follow an argument similar from ia[3], for a better presentation of the notions 
that we use, in this section we denote the para-holomorphic Riemannain metric G by 5 and we 
follow an argument similar to [221132] for Kahler-Norden manifolds. 

Without loss of generality, we consider the (real) vector fields X,Y,... € T{TM) such that 
X,Y,... € Tph{T^'^M), are para-holomorphic vector fields on the para-complex manifold (M, /), 
that is the relation (|3.26l) holds. Then, we easily obtain 

[IX, Y] = [X, lY] = I[X, Y ], [IX, IY[ = [X, Y[, [X, Y] = [^] =: [A, rf. (4.2) 

Also, by a direct calculation, we have that for every para-complex function / = Re f -\- elm f on 
M, and every vector field X € T{TM), the following relation holds 

fX = {{Ref)X + {Imf)X), (4.3) 

and, moreover, if / is para-holomorphic, then the para-Cauchy-Riemann equations imply 

X{Re f) = {IX){Im f ), {IX){Re f) = X{Im f),Xf = X{Re f) + eX{Im /). (4.4) 
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Now, for every real tangent space T^^rM, z € M, we can choose an adapted orthonormal (real) 
frame {ca, ISa}, « S { 1 , • ■ •, n}, such that 

giea, eb) = g{Iea, let) = 6ab , 5 (ea, leb) = 0 , a,b € {1,... ,n}. (4.5) 

Then, we obtain an adapted para-complex frame {e(j}, a € {l,...,n}, for T(T^’^M), where 
Ca = (l/ 2 )(ea + elea) for which g{ea,eb) = {l/2)6ab- 

Let V and V be the Levi-Civita connections of the para-Kahler Norden metric g and of 
the para-holomorphic Riemannian metric 5 , respectively. According to the discussion from the 
previous section, V is a para-holomorphic connection, and also, by the symmetry of V and using 
( 021 ), we obtain 

V/xd" = I^xY , VX,Y G T{TM). (4.6) 

Let us consider now the Koszul formula which gives the Levi-Civita connections V of 5 

2g(V^y, Z) = X{ 3 {Y, Z)) + Y{g{X, Z)) - Z{g{X, Y)) 

-g(lX,Z],Y)-g(lY,Z],X)+g(lX,nZ). '' ' ^ 

and similar, we can write this formula for the real metric g, with V, g, X, Y and Z, respectively. 
Using (13.lip . (14.21) and (14.41) . it follows 

Xg(Y, Z) = ^(Xg(Y, Z) + eXg(Y, IZ)), 

g{[X, nZ) = i(g([X, F], Z) + eg{[X, Y]JZ)), 

Zg{XJY) = {IZ)g{X,Y). 

Now, by the above formulas, (14.21) and the Koszul formula (14.71) for the real metric g, the relation 
021 ) becomes 

2g(V^f, Z) = g{XxY, Z) + eg{XxY, IZ) = 2g{^, Z), (4.8) 

which implies the following important relation 

= (4.9) 

In the sequel we consider the Riemann curvature tensors i? and i? of V and V, respectively. Taking 
into account that V is almost para-complex, i.e V/ = 0, and also using 021 ) and ( 021 ), we obtain 
that i? is totally pure (or /-symmetric), that is (see also [31]) 

E(X, Y)I = R{IX, Y) = R{X, lY) = IR{X, Y). (4.10) 

By direct calculus, using (021) and (021), it follows that the Riemann curvature tensors R and R 
are related by 

R{X, Y)Z = {R{X, Y)Z)'. (4.11) 

Now, let us consider the Ricci tensor fields associated to the metrics g and 5 , respectively, given 

by 

Ric(g)(A:, Y) = Tr{Z R{Z, X)Y} and Ric(g)(A, f) = Tr{Z ^ R{Z, X)Y}, (4.12) 

and let us denote by Q and Q be the associated Ricci operators, given by 

5 (QX, F) = Ric(g)(A, F) and ?(QA, F) = Ric(g)(A, F). (4.13) 

We have 
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Proposition 4.1. The Ricci tensors Kic{g), Ric( 5 ) and the Ricci operators Q, Q satisfy the 
following relations 

Ric{g){IX, Y) = Ric(< 7 )(X, lY), Ric{g)iIX, lY) = Ric(ff)(X, Y), QI = IQ (4.14) 

and 

Ricig)iX, Y) = i(Ric( 5 )(X, Y) + eRicig){X, lY)) ,QX = ^. (4.15) 

Proof. The relations (14.1411 follow directly from the defining relations (14.121) and (14.1311 and using 
(I4T01) . 

For the first relation of (14.151) . using the orthonormal frame {ea,/ea}, a G {1,... we have 
Ric{g)iX, r) = ^(ff(R(ea, X)Y, e^) + g{R{Iea, X)Y, Ica)) = 2 ^(g(R(ea, X)Y, e^)), 

a a 

where we have also used (14.101) and (13.1011 . Next, using the adapted para-complex frame {eo}, 
a G {1,..., n} and the formulas (I3.11L (14.101) and (14.111) we obtain 

Ric( 5 )(X,y) = 2Y,9{R{ea,X)Y,ea) = 2Y,9{{R{ea,X)Y),ea) 

a a 

= Y^igiRica, X)Y, ea) + eg{R{ea. X)Y, ICa)) 

a 

= YiaiRiea, X)Y, ea) + eg{R{ea. X)IY, Ca)), 

a 

which together with the previous equality implies the first relation of (14.1511 . This together with 
(13.111) gives the following relation for the Ricci operators Q and Q 

g{,QX,Y) = Ric(g)(X,F) = i(Ric(g)(X,y) + eRic(ff)(X,/r)) 

= ]^{g{QX,Y)Yeg{QX,IY))=g{^,Y), 

which proves the second relation of (14.1511 . □ 

The first relation of (14.1511 leads to the announced result, that is 

Theorem 4.1. Let us suppose that {M,I,g) is a para-Kdhlerian Norden manifold, that is a para- 
complex manifold of para-complex dimension n endowed with a para-holomorphic Riemannian 
metric g = {gab(z)), a,b G {1,..., n} and with a real metric g = {gjk{x)), j, k G {1,..., 2n} given 
hy g = 2Re'g. Then the para-holomorphic metric g is Einstein with the real constant A if and only 
if the real metric g is Einstein metric with the same constant. 

Remark 4.1. We notice that starting from the original para-Kahlerian Norden metric g on a para- 
complex manifold (M, I), the real twin metric can be considered, that is h{X, Y) := {goI)[X, Y) = 
g{IX,Y), for every X,Y G T{TM). We find 

h{X, Y) = 2lmg{X, Y), VX, T e r(rM). (4.16) 

Moreover, if we denote by V the covariant differentiation of the Levi-Civita connection associated 
to the para-Kahlerian Norden metric g, then we have (see [31]) 

Vh^VgoI + goXI = Q. (4.17) 
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The above relation says that, the Levi-Civita connection of g coincides with the Levi-Civita 
connection of h, thus they have the same real and para-complex Riemann and Ricci tensors (see 
also the discussion from the previous section). In the real case only one of two twin metrics can 
be Einsteinian. In para-complex case the Einstein condition Ric( 5 ) = Xg implies Ric(ft.) = eXh, 
that is , both para-holomorphic metrics g and h are Einstein metrics at the same time. Also, we 
can conclude that the metric h is an Einstein metric with an imaginary cosmological constant. 

If the para-holomorphic metric g is Einstein with para-complex constant A, that is 

Ric(g) = A^, A e C, (4.18) 

then, similarly to the Kahler-Norden manifolds from the complex case, see [26], we can describe 
the following generalization of Theorem 14.11 

We consider the real scalar curvatures AT, K* of g, and the para-holomorphic scalar curvature 
K of g, that is 

K = TtQ,K* = Tr(/Q), K = Tr(Q). 

We have 

Proposition 4.2. The real scalar curvatures K, K* and the para-holomorphic scalar curvature 
K are related by 

K=^{K + eK*). (4.19) 

Proof. Using (14.141) and (13.101) . we obtain the following expressions for K and K*: 

K = '^{g{Qea, Co) -h giQIea, ICa)) = 2 ^(g(Qea, Ca)), 


and 

K* = ^{g{IQea, ea) -f g{IQIea, lea)) = 2 ^{giQea, Ica))- 

a a 

Now, using (14.151) and (|3.11l) . we obtain 


K = 2^g{Qea,ea) = 2^g{Qea,ea) = ^{g{Qea,ea) + eg{Qea,Iea)) 

a a a 


which proves (14.191) . □ 

Now, by applying the para-Cauchy-Riemann equations to the para-holomorphic function K 
and taking into account that ReK = A'/2 and ImK = Ar*/2, we get 

dK{X) = XK = {IX)K* = dK*{IX) and dK{IX) = {IX)K = XK* = dK*{X), 

which implies 

dk{X) = ]^{dK{X) P edK{IX)). (4.20) 

Then, the following theorem, which is an analogue of Theorem 1 from m for Kahler-Norden 
manifolds, holds. 
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Theorem 4.2. The para-holomorphic Riemannian manifold (M,g) is para-holomorphic Einstein 
with para-complex constant A = Ai + 0 X 2 iff 

Ric( 5 )(X, y) = Aig(X, y) + X 2 g[X, lY). (4.21) 

Moreover, in the formula (14.211) . we have Ai = K/2n and A 2 = K*/2n. 

Proof. Taking into account the formula (111.Ill) and the first relation of (14.1511 . we see that (|4.18|) 
holds iff 

Ric( 5 )(X, y) + eRicig)iX, lY) = \^g{X, y) + \ 2 g[X, lY) + e(A 25 (^, Y) + X^g{X, lY)), 
which is equivalent to (14.211) . Moreover, using (I4.21|l . it follows that the Ricci operator Q satisfy 

QX = XiX + X 2 IX and IQX = XJX + AaAT. 

Now, the shape constants Ai, A 2 can be obtained from these two relations using the definitions of 
K and K*, respectively. Indeed, using the orthonormal frame [ea^ICa], a S {1,... ,n}, we have 

K = TiQ = '^{g{Qea,ea)g{QIea,Iea) 

a 

= ^~~l(g(Aiea + \2lea, Co) + g{XiIea + A2ea, ICa)) 
a 

= ^(Aig(ea, Ca) + Aig(/ea, Ica)) = 2nXi 

a 

and similarly, we obtain K* = 2nX2. □ 


5 Para-complex Lie groups as para-holomorphic Rieman¬ 
nian Einstein manifolds 


Definition 5.1. A para-complex Lie group, is a group G, which is also a para-complex manifold, 
such that the group multiplication (f : G x G ^ G, 4i(z, v) = z ■ v and the inverse map z G G 1 —>■ 
G G are para-holomorphic. 

Let 17 be a coordinate neighborhood of the identity ug of an m-parameter para-complex Lie 
group G. The coordinates of uq are identified with {0,... ,0} G G™, while the coordinates of 
elements of z, v, w oiU will be denoted by {z“}, {u“}, {w“}, respectively, a, 6, c,... e {1,..., m}. 
The map (f : G xG ^ G given by re = (j){z, v) is represented para-holomorphically by m equations 
= ^“(z,u), in which {</>“} denotes a set of r para-complex-valued para-holomorphic functions 
on G X G, where (j)°‘{z, v) is an abbreviated notation for ^()“(z^,..., z™, v^,..., u™). Since z = 
UG ■ z = z ■ UQ for all z € G, it follows that up to and including second order terms 

= <^“(z, u) = z“ + + A^,z^" + ..., (5.1) 


where the 3-index symbols are para-complex constants (in a given para-holomorphic coordi¬ 
nate system) in terms of which the structure constants of G are defined as G^^ = 

Let us denote 




d(j)°-{z, v) 
dz’^ ’ 


4/“(z,u) 


d(j)°‘{z, v) 
dv'^ 


(5.2) 
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so that by (15.11) 


$“(z,0) = vl/^(0,z;) = <5,“. (5.3) 

The derivatives (15.21) give rise to the definitions of the following para-holomorphic functions on G: 


Xt {z) = d>^(0, z), xl{z) = 0), \l{z) = n{z, \l (z) = z-i), (5.4) 

it being noted as a direct consequence of (15.31) 


xl (0) = x?(0) = A^(0) =A? (0) = 5t. (5.5) 


Using the same technique as in the real (complex) case, [131 UHl H] ) we obtain that xt — 

A^(z), where A^(z) denotes the elements of the para-holomorphic matrix that is inverse to (A))(z)) 
* 

and Xt (z) = xt(^~^)^ where Xj(z) denotes the elements of the para-holomorphic matrix that is 
inverse to {xt{z))- Also, we can consider the left and right invariant para-holomorphic 1-forms on 
the para-complex Lie group G defined by x“ = = A^(z)dz^, respectively. Then 


r^,(z) = xt{z) 


( dXjjz 

V 5z^ 






d^\ 

dzb j ’ 


(5.6) 


defines the local coefficients of an unique torsion-free para-holomorphic connection on G. 

The torsion-free para-holomorphic connection from (15.61) is always metric with respect to the 
para-holomorphic tensor field g G (T^’°G) 0 (T^’^G) whose local components are given by 

gab(z) = CpgXP(z)Xt(z), (5.7) 

where Gab = C'td^bc para-complex Cartan-Killing elements of the para-complex Lie group 

G. Moreover, if the para-complex Lie group G is semi-simple, that is det gab ^ 0 (or equivalently 
det Gab 7 ^ 0), it is the only symmetric para-holomorphic connection for which this is the case. 

Remark 5.1. For the case of para-holomorphic metric tensor g from (E3 its symmetry is guar- 
anted from the expression of para-complex Cartan-Killing elements Cab- If G is semi-simple then 
the para-holomorphic connection coefhcients from (EH) admit a representation in terms of the 
para-complex Christoffel symbols of EH- 

Remark 5.2. The para-holomorphic metric tensor gab from EH is not in general unique such 
that the torsion-free para-holomorphic connection from (15.61) is metric with respect to it, (see the 
construction from the real case [29] 1. 

As usual, the para-holomorphic curvature tensor of the torsion-free para-holomorphic connec¬ 
tion from EH must be specified as 


Kab = -\xjclgCt,XPX:Xt. (5.8) 

Then, the para-holomorphic Ricci tensor is 

Rca=Riab = -\cl^ClfXlXt, (5.9) 
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or, in terms of para-complex Cartan-Killing elements 

Rea = -^CpA^eK- 

By comaparing this para-holmorphic tensor with the para-holomorphic metric tensor from (E3 
it is seen that the para-holomorphic Ricci tensor satisfies 

Rab — ~^9abj (5.10) 

which implies that every para-complex Lie group is locally para-holomorphic Einsteinian. 

Now, as well as we noticed, if G is a semi-simple para-complex Lie group the para-holomorphic 
metric tensor from (E3 is symmetric and nondegenerated. Thus, according to discussion from 
the Section 4 

ds^ = 2Re [gab{z)dz‘^ 0 dz^] (5-11) 

defines a para-Kahlerian Norden metric on G. Consequently, we have 

Theorem 5.1. Every semi-simple para-complex Lie groups is a para-Kahlerian Norden Einstein 
space with respect to the para-Kahlerian Norden metric defined by (15.111) . 

Also, the following proposition holds. 

Proposition 5.1. If the para-complex Lie group is semi-simple then its para-holomorphic curva¬ 
ture scalar is constant and it is given by 

Rab = -\ {dime G). (5.12) 

Moreover, it is natural to consider the type (0,4) para-holomorphic curvature tensor associated 
with (E3 and (ED) as 

Rabcd = (5.13) 

and, the explicit expression of this para-holomorphic tensor is given by 

Rabcd = -^GtfGl^G^^MKK- (5.14) 

The para-holomorphic sectional curvature k{Z^ W) of G with respect a pair of para-holomorphic 
vector fields Z,W £ rph{T^’°{G)) can be written in accordance with the standard formula 

k{Z, W){gac9bd - gadgbc)Z'^Z^W^W^ = RabcdZ‘^ Z^W^W'^. (5.15) 

Finally, we notice that similarly to the real case [29], the following two theorems hold. 

Theorem 5.2. The para-holomorphic sectional curvature of a para-complex Lie group G with 
respect to every pair of right-invariant para-holomorphic vector fields is constant. 

Theorem 5.3. The covariant derivatives of the components of R'^ with respect to the torsion- 
free para-holomorphic connection from (EH) vanish identically. 
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